We consider the one-loop renormalization of dimension four composite operators and the energy-momentum tensor in noncommutative φ 4 scalar field theory. Proper operator bases are constructed and it is proved that the bare composite operators are expressed via renormalized ones, with the help of a mixing matrix, whose explicit form is calculated. The corresponding matrix elements turn out to differ from the commutative theory. The canonically defined energy-momentum tensor is not finite and must be replaced by the "improved" one, in order to provide finiteness. The suitable "improving" terms are found.
Introduction
Noncommutativity of space-time coordinates is an old enough idea which was proposed by Snyder [1] , in order to introduce a natural effective ultraviolet cutoff in quantum field theory. At present, the interest for field theories with noncommuting coordinates has grown, owing to the discovery of their relation to string theory (see [2] and references therein), which is considered as a prototype of the unified theory describing all fundamental interactions. Apart from the string theory motivation, noncommutative field theories seem attractive, as they provide sufficiently consistent non-local quantum field models. (see the reviews in [3, 4, 5] ).
Noncommutativity entails some important consequences. One of them we would like to mention is the so-called UV/IR mixing [6, 7, 8, 9, 10] . The phenomenon of mixing UV and IR singularities appears at the quantum level in nonplanar diagrams: some of the UV singularities of a commutative theory are converted into IR singularities in its noncommutative counterpart. So, the contributions of nonplanar diagrams to the effective action have no UV divergences and the UV singularities of noncommutative theories are not the same as those of their commutative counterparts. As a consequence, this may violate the renormalizability of noncommutative field theories.
The problem of the renormalizability of noncommutative quantum field theories was studied in a number of papers for different models (see e.g. [11, 12, 13, 14, 15, 16, 17, 18, 19] ) and the general situation concerning the renormalization of fields and parameters (masses and coupling constants) looks now clear. Specific features of the renormalization of supersymmetric models were studied in the papers [20, 21, 22, 23, 24, 25, 26, 27, 28] .
We would like to point out that, apart from the renormalization of fields and parameters, there is one more aspect of renormalization theory, to be considered. It is the renormalization of composite operators. As well known, the renormalization of composite operators, i.e. operator monomials containing products of the fields and their derivatives at coinciding space-time points, is an independent problem in quantum field theory. Even if the Green's functions have been made finite by the renormalization of fields and parameters, the composite operators in such a theory are still divergent. In order to make them finite, one has to carry out an additional study (see a discussion of this point for commutative field theory in [29] ). As we already mentioned, the renormalization structure of fields and parameters in noncommutative field theory was studied well enough, but the problem of the renormalization of composite operators in noncommutative field theory is still open. The only paper we know is the work [30] , where the renormalization of the operator φ 2 in noncommutative scalar field theory in four and six dimensions was written out in an explicit form.
This paper is devoted to the renormalization of the energy-momentum tensor in four dimensional noncommutative φ 4 scalar field theory. The problem under consideration is closely connected with the renormalization of all dimension four composite operators in the theory. Some aspects concerning the structure of the energy-momentum tensor in noncommutative field theories were studied in [18, 31, 32, 33, 34, 35] , at the classical level.
General renormalization theory (see e.g. [29] ) states that the renormalization of a composite operator demands to take into account all composite operators of the same mass dimension and symmetry. This phenomenon is called operator mixing. We are going to study the operator mixing in noncommutative field theory and compare it with the situation in the commutative theory. The energy-momentum tensor is a linear combination of dimension 4 composite operators and, hence, the corresponding renormalized tensor is constructed in terms of renormalized composite operators. The renormalization of the energy-momentum tensor in the commutative theory was discussed in details by Brown [36] . An important result asserts that the simultaneous fulfillment of the finiteness of the energy-momentum tensor and the local conservation law leads to the necessity to replace the canonical energy-momentum tensor by the so called "improved" one. We discuss the analogous situation in the noncommutative theory and show that, unlike the commutative theory case, the standard conservation law for noncommutative theories is possible only in the massless case.
The paper is organized as follows. In the next section we describe the general renormalization procedure for composite operators. Section 3 is devoted to a brief review of results concerning the renormalization of dimension four composite operators in commutative scalar field theory. Next, we discuss the renormalization of dimension four composite operators in the noncommutative theory and emphasize the new aspects in comparison with the commutative theory. Section 5 is devoted to the renormalization of composite operators at zero momentum transfer. In section 6 we consider the renormalization of the canonical energy-momentum tensor and prove that the latter must be replaced by the "improved" one, in order to be made finite. In section 7 we briefly summarize the main results of our work. The Appendix is devoted to discussing global conservation laws for the improved energy-momentum tensor. There, we check the conservation of the energy and momentum which follow from the finite "improved" energy-momentum tensor and see that the standard conservation law for noncommutative theories exists only for the massless theory.
Renormalization scheme for composite operators
We start this section with a brief formulation of some basic properties of noncommutative field theories. As it is well known, a noncommutative field theory may be constructed from a commutative field theory, by replacing the usual product of the fields with the star one
where the constants θ µν are noncommutativity parameters with dimension of a length squared. For example, for the self-interacting scalar field which we will study in this paper, the action is written as
Here λ is a dimensionless coupling constant and µ is an arbitrary parameter with the dimension of a mass. The energy-momentum tensor following from this action, with the help of Noether's theorem, is [18, 31, 33] 
In order to construct the renormalized energy-momentum tensor, we need to renormalize the operators ∂ µ φ ⋆ ∂ ν φ, ∂ α φ ⋆ ∂ α φ, φ ⋆ φ, and φ ⋆ φ ⋆ φ ⋆ φ. Let us briefly describe the procedure for constructing the renormalized operator, which is valid for both commutative and noncommutative theories. Let O(φ) be a composite operator, i.e. an operator which is constructed from products of the fields and their derivatives, at the same space-time point. In general, the expectation value of such an operator
is divergent. For the expectation value (4) to be finite, we need to renormalize the operator. By definition, a renormalized operator, denoted as [O] , must have a finite expectation value. The construction of the renormalized operator is performed as follows. First of all, it is convenient to transform the expression (4) as follows:
Hereafter, we shall omit the normalizing denominator. Furthermore, in calculating (5) with the perturbative theory, the UV divergences originate from the one-particle irreducible (1PI) diagrams. Hence, if we make all the 1PI diagrams finite, the expectation value of the composite operator will also be finite. Therefore, we need to renormalize all the 1PI diagrams of the theory. The most convenient way of renormalizing the diagrams is to renormalize the generating functional of the 1PI diagrams (which is often called the effective action). For this aim, we apply the following transformations. Firstly, we introduce the generating functional of the connected Green's functions
Then, one performs the Legendre transform
where j(φ) is defined from the equation
withφ being the expectation value of the scalar field φ in the presence of the sources j and Jφ
As a result of the transformation, we have the equation
The generating functional of the 1PI Green's functions Γ J (φ) is calculated, with the help of perturbation theory, by means of the loop expansion
with Γ (n) J (φ) being the sum of all the n-loop 1PI diagrams. Let us shift the integration variable φ → ϕ = φ −φ. Then we have, in the tree (zero-loop) approximation,
The one-loop correction to the Γ (0)
In the following, we will omit the bar sign over φ (φ → φ).
The one-loop correction (16) to the effective action is UV divergent. In order to cancel the divergences, we introduce one-loop counterterms in the classical action S J (8)
S
(1)
where S 1 are counterterms which do not contain the source J, and JO 1 are counterterms which are linear in J. Note that we need not calculate counterterms which contain the source J to the second and higher power, because we need not renormalize expressions
As a result, we may define the renormalized operator as
with O 0i being bare (unrenormalized) composite operators and Z 0i being some constants.
Similarly to the commutative case (see e.g. [29] ), it may be shown by dimensional analysis that, for renormalizing a composite operator, in the general case we need all operators of the same mass dimension.
In this paper we study the renormalization of the energy-momentum tensor in noncommutative φ 4 4 scalar field theory. For this purpose, we need to renormalize the dimension four composite operators which enter into it. Before considering the noncommutative theory, let us describe the renormalization of dimension four composite operators in the corresponding commutative theory.
Basic results on the renormalization of composite operators in the commutative theory
The renormalization of dimension four composite operators in the commutative theory was discussed in [36] . As it was shown in that work, composite operators of the same dimension and Lorentz symmetry are mixed by renormalization. There are five scalar operators of dimension four, which are independent of each other. They are m was not considered, because it has no effect on connected Green functions. Here we ignore this operator, as well. From the other four operators we can construct an operator, which is not renormalized. It is the operator related to the field equation of motion
Since it is not renormalized, it is convenient to use it in the operator basis, instead of some other operator. Let the operator bases of bare and renormalized operators be
respectively. As shown in [36] , these bases are related to each other by a 4 × 4 matrix Z
having the form
which is called the mixing matrix. Here β(λ), γ(λ), δ(λ), Z 2 and f (λ) are defined from the computation of specific one-loop diagrams closely connected with the renormalization group equations [36] . In the noncommutative theory under consideration, we are going to calculate the analogue of this matrix Z (22). It is essential for us here that, in calculating the Z matrix (22), insertions of composite operators in Green's functions at zero momentum transfer (i.e. operators which are integrated over space-time) are used. That is, the method used in [36] 
If we insert the operatorÕ(p) in a Green's function and calculate it using some regularization, then we see that taking the limit p → 0 and removing a regulator are non-commuting operations. Moreover, if we first remove a regulator, then the limit p → 0 does not exist, due to the contribution of nonplanar diagrams (see [6, 30] ). By this reason we can repeat the same calculations which are made in [36] , but only for renormalization of composite operators like O(x)d d x and obtain for the dimension-four composite operators analogue of the Z matrix (22) , but with the renormalization group functions corresponding to the noncommutative theory (23) (24) (25) . In section 5 we check this conclusion by explicit calculations. As far as operators at arbitrary momentum transfer O(x) are concerned, we cannot use the method of [36] for deriving the structure of the matrix Z. Instead, we are forced to calculate the elements of the Z matrix in an explicit way, with the help of perturbation theory only, which we consider in the one-loop approximation.
4 One-loop renormalization of dimension four composite operators in the noncommutative theory
Next, we investigate in noncommutative φ 4 4 scalar field theory the renormalization of the dimension four composite operators which enter into the energy-momentum tensor. For that, we need to know the counterterms S 1 and JO 1 in (17) . In order to find the counterterms, we use the background field method, the minimal subtraction scheme and dimensional regularization. We do not calculate the counterterms S 1 and borrow them from [12] . The result of the renormalization of the scalar field, the mass, and the coupling constant, in the one-loop approximation, reads
with γ(λ), δ(λ), β(λ) being the renormalization group functions of the noncommutative theory.
The first operator we renormalize is m 2 2 φ ⋆ φ. The term JO in (5) is now written as
In order to simplify the calculations, we perform the Fourier transform of the field φ and the source J φ(x) = dp 2π
and work in momentum space. The divergent diagrams linear in J 1 are shown in Figure 1 1 . The diagram in Figure 1 corresponds to the expression
As it is known, the expression (30) may be divided into two parts (see e.g. [6] ), which correspond to planar and nonplanar contributions. The planar contribution
1 We omit all the counterterms which are independent of the fields since we assume that the operators are inserted in the connected Green's functions. The counterterms which are independent of the fields have no effect on the connected Green's functions. has a UV divergence, which is canceled by the counterterm
As a result, the renormalized operator in the one-loop approximation reads
The same scheme is used for renormalizing the other operators. Let us consider the operator φ ⋆ φ ⋆ φ ⋆ φ. For this operator, the term JO in (5) is written as
Here µ 4−d is introduced, for the source J 2 to be dimensionless. The divergent diagrams which are linear in J 2 are shown in Figure 2 . The expression corresponding to the first diagram in Figure 2 is given by
The planar contribution of this diagram reads
and its divergence is canceled by the counterterm
The remaining part of (35) has no UV divergence. The divergence of the second diagram in Figure 2 is canceled by the following counterterm: and the renormalization of the operator φ ⋆ φ ⋆ φ ⋆ φ is given by
The last operator which we need to renormalize is ∂ µ φ ⋆ ∂ ν φ. The term JO in (5) corresponding to this operator is written as
The divergent diagrams which are linear in J 3 are shown in Figure 3 . The counterterms which are needed, in order to cancel their divergences are
and
respectively. As a result, the renormalized operator is
As a consequence, we have
For
For comparison with the commutative case, it is convenient to write down the renormalization of dimension four scalar composite operators like (21) . First of all, it should be noted that there are more independent scalar operators in the noncommutative theory, because the fields do not commute and, for example, the operators φ 0 ⋆∂ 2 φ 0 and (∂ 2 φ 0 )⋆φ 0 are independent. We choose the bases as
Here L nc 0 and L nc are the field equations
The bases Q nc 0 and [Q nc ] are related between themselves by the equation
where the matrix Z nc looks as follows
Here, we see that the elements of the mixing matrix in the noncommutative theory (55) are not related with renormalization group functions in the same way, as in the commutative case (22) , what confirms our assumption made at the end of section 3. Now, we have all operators needed for the construction of the energy-momentum tensor.
Renormalization of dimension four composite operators at zero momentum transfer
We have shown in the previous section that the renormalization of dimension four operators in the noncommutative theory differs very much from that in the commutative theory. The operator basis (51) consists of five operators unlike the commutative case (20) . In order to find any similarities between the commutative and noncommutative cases, we consider the renormalization of dimension four operators at zero momentum transfer. Such operators are defined as space-time integrals of local composite operators. In this case the number of independent operators is two less than in (51). First of all, because of the cyclicity property
the third and the fourth operators in (51), being integrated over space-time coincide. Secondly, the last operator in (51) vanishes when it is integrated over space-time. So, we have only three operators in the bases
It is easy to see that the same number of basis operators will also occur in the commutative case after integrating (20) . Next, we follow the procedure formulated in [36] , adapting it for a noncommutative field theory. We begin with the general relations
µ dm
where β(λ), δ(λ) are the renormalization group functions in noncommutative theory. Let us consider the renormalization of the operator m
is a dimension two operator, then by dimensional analysis it can be mixed by renormalization with dimension two operators. But this operator is the only dimension two operator which depends on the fields and preserves φ → −φ symmetry. So, we may expect that
where z is some renormalization constant, which has the structure z = 1+divergent terms. Let us consider the renormalized Green's function
where z φ is the field renormalization constant φ 0 = z φ φ. Its derivative with respect to the renormalized parameters is a finite quantity. Let us consider its derivative with respect to the renormalized mass
The l.h.s. of this expression is finite, hence the r.h.s. of this expression must also be finite. Substituting, instead of the bare operator, its expression from the renormalized one (60) in the last line of (62) and recalling that this expression is finite, we find that z 2 has no divergent terms. Thus, we have
Let us consider the operator
into the renormalized Green's function (61) yields
Integrating the functional integral by parts and neglecting the term proportional to δ(0), which is supposed to be zero in dimensional regularization, we get
Thus, the operator E 0 is finite
Let us consider the derivative of the renormalized Green's function (61) with respect to λ
Here γ(λ) is the renormalization group function which is defined by
Using (63, 65) and substituting in (67)
where a, b, c are some renormalization constants to be defined, we find that the following quantities must be finite:
Expanding the denominator in a power series in β(λ), producing an ascending series in (d − 4), we find
Ultimately, we have
where Z ′ is the following matrix:
Here β(λ), γ(λ), δ(λ) are the renormalization group functions of the noncommutative theory, whose explicit form in the one-loop approximation is given by (23) (24) (25) . Next, we confirm this statement by explicit one-loop calculations. Let us consider the renormalization of the operator
This situation corresponds to the case J 1 (x) = 1 in (26) or in momentum spaceJ 1 (k) = (2π) d δ(k). Substituting this expression for the source in (29) we find that the number of planar diagrams is twice that for the operator at arbitrary momentum transfer. So, the corresponding counterterm is also two times bigger than (32) . As a result, we obtain
This result just corresponds to the second line of the matrix (73). In order to check the first line of (73), we consider the renormalization of the operator
Carrying out an analogous procedure as for the previous operator, we get that both counterterms which are needed to cancel the UV divergences of the operator at zero momentum transfer are a factor 4/3 larger than the corresponding counterterms at arbitrary momentum transfer (38) and (39). Hence, we have
and then
Taking into account the renormalization group functions of the noncommutative theory (23) (24) (25) this renormalization relation corresponds to the first line of the matrix (73). Finally, it is a simple exercise to prove that
Collecting together (74), (76), (77), we find that
which completes our check that the mixing matrix for dimension four composite operators at arbitrary momentum transfer is of the form given in (73). Thus,we see that the renormalization of the composite operators at zero momentum transfer in noncommutative and commutative theories are very similar in contrast to the local composite operators.
6 One-loop renormalization of the energy-momentum tensor
In this section we study the problem of constructing the finite operator corresponding to the energy-momentum tensor. First of all, we want to check whether the bare energymomentum tensor in noncommutative φ 4 4 scalar field theory is finite or not. In terms of bare fields, the latter is given by
In the previous section we found the renormalization of all the composite operators (47-50), which enter into the bare energy-momentum tensor (79). Substituting (47-50) into eq. (79), we see that the operator T 0µν is not finite
Here
As in the case of the commutative scalar field theory, T 0µν needs to be improved, in order to be made finite [36] . For this aim, we add to T 0µν (79) all possible independent dimension-four composite operators, which are symmetric tensors of rank two, with arbitrary coefficients. The operators are all the scalar ones in Q 0 (51) times η µν , with the addition of three additional tensor operators, i.e.
which we want to make finite. Using eqs. (47-50), (54), (80) and the following renormalization relations:
we get
For T ′ 0µν to be finite, we set all coefficients in front of independent divergent quantities to zero and find that
with A, B, C and D being independent. Now it is easy to find the general expression for the finite energy-momentum tensor (i.e. the general improved energy-momentum tensor), in the one-loop approximation (52) and S 0µν denotes the following operators:
The operators standing after the arbitrary numbers A ′ , B ′ , C ′ , D ′ are finite, in the oneloop approximation, and do not affect the finiteness of the energy-momentum tensor. For simplicity we put A ′ = B ′ = C ′ = D ′ = 0 and define the "improved" energy-momentum tensor in the noncommutative scalar field theory as
It is worth pointing out that the last "improving" term in (90) coincides with the analogous term in the corresponding commutative case [36] , although the divergences which they cancel differ, due to the UV/IR mixing.
Summary
We have considered the renormalization of scalar field dimension two and four composite operators and the energy-momentum tensor, in the one-loop approximation. Using a general theory of the renormalization of composite operators, which is valid for both commutative and noncommutative theories, we calculated the mixing matrix connecting bare and renormalized composite operators and discussed its features in noncommutative theory. Due to noncommutativity, the number of basis dimension four operators in the case under consideration is equal 5 unlike the commutative theory where this number is 4. The structure of the mixing matrix in the noncommutative theory (55) is more complicated than in the commutative one (22) and has no direct relation to renormalization group functions. The mixing matrix for the composite operators at zero momentum transfer is also found and it is shown that its matrix elements are connected with the renormalization group functions of the noncommutative theory. We have studied the problem of the renormalization of the canonically defined energymomentum tensor. It turns out that the latter is not finite, hence we are forced to consider its improvement. We defined the improved energy-momentum tensor as a sum of the canonical one and an arbitrary linear combination of suitable composite operators. Requiring finiteness leads us to determine conditions on the coefficients of the above linear combination and allows us to fix it. As a result, we have derived the "improved" energy-momentum tensor in noncommutative scalar field theory.
with f and g being some functions of the fields. In this case, we have
The r.h.s. of (A.4) vanishes only in the case θ 0i = 0, and then the charge Q = J 0 d 3 x is conserved. Thus, in noncommutative field theories there are only global conservation laws 4 and only when θ 0i = 0. This situation may also be explained as follows. In calculating (A.1) in the case of only spatial noncommutativity θ 0i = 0, integrating by parts is carried out only in spatial directions and not in the time coordinate. So, the time integration region is still arbitrary, in this case, and we can write
Thus, we have the conserved quantity Q = J 0 d 3 x. Let us turn to noncommutative scalar field theory. If we choose the energy-momentum tensor as in (79), it satisfies the relation
This means that a global conservation law exists. However, such choice of T µν is not finite. If we improve the energy-momentum tensor and make it finite (90), then
From (A.7) we see that, after integrating over the whole space, the last term in (A.7) disappears if ν is a spatial index and the field φ has the proper asymptotic behaviour. So, the momentum is always conserved, but the energy is conserved only for a vanishing mass. Hence, in the theory under consideration we may construct an energy-momentum tensor which is finite and leads to conserved energy and momentum only in a massless theory. However, there exists another way to define global conservation laws. Let us introduce the quantity
with T µ ν being the canonical energy-momentum tensor (79). It is evident that P ν in (A.8) is conserved in time ∂ 0 P ν = 0 for the spatial noncommutativity. Next, we show that in this case the quantity (A.8) is a finite operator, at least in the one-loop approximation.
The operator T µν (79) is a linear combination of five composite operators. As a result, the operator P ν in (A.8) is a linear combination of these composite operators at zero momentum transfer. We study the renormalization of the operator P ν in (A.8). Let us begin with the operator In order to renormalize such an operator, we put J 1 (x) = δ(x 0 − t) in the integrand of (26) . Then, this corresponds to J 1 ∼ δ( k) in the expression (29) , which leads to p µ θ µν k ν = 0 in (30), and we find that the number of planar diagrams is twice more than in the case of the renormalization of the operator at arbitrary momentum transfer and so the counterterm is also two times larger than (32) . Thus, we have It should be noted here that in the case of spatial noncommutativity θ 0i = 0 we have got the same renormalization constants as in the case of the renormalization of the operators at zero momentum transfer (74, 76, 77). This happened, owing to the fact that such a noncommutativity does not affect the time components of variables, and thus there exists a smooth limit p 0 → 0 (p 0 being the time component of the transferred momentum) at the quantum level. So, it makes no difference, whether the operator is integrated over time or not.
Let us turn now to the energy-momentum vector P ν in (A.8). Substituting eqs. (A.9, A.10, A.11) into the r.h.s. of (A.8) one gets
We see that (A.12) is expressed in terms of renormalized composite operators and hence is also finite. Thus, the quantity P ν in (A.8) may be considered as the energy-momentum vector of the field φ in the noncommutative theory.
